In this paper, we investigate some arithmetic properties for the (p, q)-Fibonacci and Lucas polynomials associated with the classical Fibonacci and Lucas numbers. By applying some elementary methods and techniques, we establish some combinatorial identities for the (p, q)-Fibonacci and Lucas polynomials. It turns out that some known results in the references are obtained as special cases. MSC: 11B37; 05A19
Introduction
The polynomials defined recursively over the integers, such as the Dickson polynomials, Chebychev polynomials, Fibonacci polynomials and Lucas polynomials, have been extensively studied. Most of these polynomials share numerous interesting properties. They have been also found to be topics of interest in many different areas of pure and applied science; see, for example, [-] .
Like the definitions of Dickson polynomials and Chebychev polynomials, the classical Fibonacci polynomials F n (x) studied by E.C. Catalan in  are defined by 
Preliminaries and known results
We begin here by recalling the (p, q)-Fibonacci and Lucas polynomials with some properties introduced by Lee and Asci [] as follows.
Definition . Let p(x)
and q(x) be two sequences of polynomials with real coefficients. The (p, q)-Fibonacci polynomials F p,q,n (x) are defined by
with the initial conditions F p,q, (x) =  and F p,q, (x) = .
Definition . Let p(x) and q(x) be two sequences of polynomials with real coefficients.
Obviously, the case q(x) =  in Definitions . and . respectively leads to the h(x)-Fibonacci polynomials and the h(x)-Lucas polynomials due to Nalli and Haukkanen [] . In fact, the (p, q)-Fibonacci and Lucas polynomials can also be defined by means of the following generating functions (see, e.g., []):
Let α(x) and β(x) be the roots of the characteristic equation
where Property . Let n be any non-negative integer. Then
Property . Let n be any positive integer. Then
Property . Let m, n be any non-negative integers. Then
It is worthy of mentioning that Property . is called the Binet formula for the (p, q)-Fibonacci and Lucas polynomials, and one can discover from Property . that, like the classical Fibonacci and Lucas polynomials, the (p, q)-Fibonacci and Lucas polynomials can be defined for negative indices by
The above properties will play important roles in establishing some combinatorial identities involving the (p, q)-Fibonacci and Lucas polynomials in the next two sections.
Several expressions of the (p, q)-Fibonacci and Lucas polynomials
In this section, we shall make use of the results stated in the second section to obtain several interesting expressions for the (p, q)-Fibonacci and Lucas polynomials in two-and three-variable cases, some of which can be regarded as the generalization of the properties showed in the second section. We firstly give the following formulae for the (p, q)-Fibonacci and Lucas polynomials in a two-variable case.
Theorem . Let m, n be any non-negative integers. Then
Proof It is easy to see that for any non-negative integers m, n,
Hence, applying the first formula of Property . to (.), we obtain
It follows from (.) and (.) that the formula (.) is complete. Similarly, we get
This completes the proof of Theorem ..
From the above proof, one can also get that for any non-negative integers m, n,
and
Since t m+n = t m · t n , so by Property . one can easily derive the following result.
Theorem . Let m, n be any positive integers. Then
It is easy to see that the case m =  in Theorem . immediately gives Property .. Based on the interest for Property ., we have the following formula for the (p, q)-Lucas polynomials in the two-variable case.
Theorem . Let n ≥  be any positive integer. Then, for any non-negative integer m,
Proof We shall prove the theorem by induction on m. It is obvious that (.) implies the case m =  in Theorem .. Now, assume that Theorem . holds for any non-negative integer m. Then
So, from (.) and (.), we get
Thus, we conclude the induction step and give the proof of Theorem ..
We next use Property . and Theorem . to give the formulae for the (p, q)-Fibonacci and Lucas polynomials in a three-variable case. We have the following.
Theorem . Let k, m, n be any non-negative integers with k
Proof The detailed proof is left as an exercise for the interested readers. 
Proof We firstly prove (.). It is easy to see from Property . that
Hence, the formula (.) is complete. On the other hand, we discover
So if  n then by (.) we have
which gives the formula (.). In the same way,
Thus, we complete the proof of Theorem ..
Remark . Using the above methods, one can also derive that for any positive integer n,
In fact, there exist some similar formulae to Theorem .. We have the following theorem. http://www.advancesindifferenceequations.com/content/2014/1/64
Theorem . Let n be a positive integer and k be a non-negative integer. Suppose that the discriminant D(x)
Proof By Property ., we obtain
as desired. In the same way, from Property ., we get
This completes the proof of Theorem ..
Theorem . Let n be a positive integer and k be a non-negative integer. Suppose that the
Proof By Property . we have
In the same way, we get
It follows from (.) and (.) that if  | n then
Thus, we conclude the proof of Theorem .. 
where A i is denoted by
Proof In view of (.), we have
It follows from (.), Property . and
Thus, we complete the proof of Theorem ..
Theorem . Let m, n be positive integers and a, b be non-negative integers. Suppose that the discriminant D(x)
where B i and C i are respectively denoted by
Proof According to (.), we have
It follows from (.), Property . and α(x)β(x) = -q(x) that 
